We discuss near-Hagedorn string thermodynamics in general spacetimes using the formalism of the thermal scalar. Building upon earlier work by Horowitz and Polchinski, we relate several properties of the thermal scalar field theory (i.e. the stress tensor and U (1) charge) to properties of the highly excited or near-Hagedorn string gas. We apply the formulas on several examples. We find the pressureless near-Hagedorn string gas in flat space and a non-vanishing (angular) string charge in AdS 3 . We also find the thermal stress tensor for the highly excited string gas in Rindler space.
Introduction
The relevance and interpretation of the thermal scalar for string thermodynamics has been a source of confusion in the past (see e.g. [1] and references therein). It has been known for quite some time that the critical behavior of a Hagedorn system can be reproduced by a random walk of the thermal scalar. This picture was made explicit in curved spacetimes in [2] [3] . These results show that thermodynamical quantities such as the free energy and the entropy can be rewritten in terms of the thermal scalar. In this note we investigate whether other properties of the near-Hagedorn string gas (the energy-momentum tensor and the string charge) can be written in terms of the thermal scalar. This has been largely done by Horowitz and Polchinski in [4] for the high energy behavior of the energy-momentum tensor. Here we extend their analysis. On a larger scale, we are interested in finding a suitable description to handle the long highly excited strings that critical string thermodynamics predicts. The thermal scalar is intimately related to this phase of matter though it is, in general, unclear precisely how. In this note we report on some modest progress in this direction. This paper is organized as follows. In section 2 we rederive the final result of Horowitz and Polchinski in detail. We will provide details and clarifications as we go along. Section 3 contains the extension to spacetimes with non-zero G τ i metric components, necessary for computing components of the stress tensor with mixed (time-space) components and for treating stationary spacetimes. In section 4 we will extend the result to the canonical ensemble. Then in section 5 we will provide the analogous result for the string charge. Section 6 contains some results on a specific class of correlators. In section 7 we provide an interesting alternative derivation of the same results using a second quantized formalism which illustrates some issues from a different perspective. We demonstrate the formulas in section 8 on several examples: flat space, the AdS 3 WZW model and Rindler spacetime. A summary of the results is presented in section 9 and the appendix contains some supplementary material.
Derivation of the Horowitz-Polchinski result
In [4] , the authors consider long strings with self-interactions. This study was further analyzed in [5] . As a byproduct in their calculations, they obtain an expression for the energy-averaged stress tensor in terms of the thermal scalar. It is this result that we will focus on in this note. In this section we will rederive this result of [4] fully from a spacetime point of view. The spacetime energy-momentum tensor of a single string in a general background is given by 1
Note that from a worldsheet point of view this definition is problematic, since varying the metric does not guarantee a conformal background. So although for classical string theory this definition is useful, as soon as one considers the quantum theory we encounter conceptual problems. This is why we continue fully from the spacetime (field theory) point of view. The backgrounds we have in mind have no temporal dependence (∂ 0 G µν = 0). To proceed, let us consider the Euclidean energy-momentum tensor (sourcing the Euclidean Einstein equations):
T µν e (x, τ ) = − 2 √ G δS e δG µν (x, τ ) .
(2.2)
Instead of using the worldsheet non-linear sigma model (as in equation (2.1)), we focus on the spacetime action of all string modes: the string field theory action. Then we restrict this action to the sum of the non-interacting parts of the different string states. This free action S e 2 can be used to write down a corresponding (Lorentzian) Hamiltonian, the string Hamiltonian H l . First we wish to establish a relationship between the above Euclidean stress tensor and the string Hamiltonian as
3)
This statement does not hold as an operator identity in the full non-interacting string field theory. Luckily, we only need it in suitable quantum expectation values.
We start by focusing on the thermal ensemble at temperature β. The Euclidean stress tensor, averaged over β in time equals This averaging over β looks a bit funny, but it will turn out to be quite helpful. Note though that the spacetimes that we consider are static (or stationary), implying a timeindependent stress tensor expectation value. So the averaging procedure is trivial in the end. We are interested in computing Tr T µν e,β e −βH l , (2.5)
where we sum over the Fock space of free-string states. The Lorentzian Hamiltonian H l is a sum over the different field Hamiltonians present in the string spectrum. Due to the integral over τ , we immediately obtain 6) with S thermal = β 0 dτ L e , the string field theory action on the thermal manifold, restricted to the quadratic parts (non-interacting). This action differs by S e only in the range of the temporal coordinate. Important to note is that this action does not contain thermal winding modes, since we only Wick-rotated the Lorentzian fields. We only vary S thermal with respect to time-independent metric variations. The above result is elementary, consider for instance a general functional in two space dimensions:
Varying only with respect to y-independent configurations ρ(x), we obtain δF δρ(x) = dyL(x, y).
In general we can write
This relation is obtained by writing down this equality for each string field separately. In this formula φ a labels all the different string fields living on the thermal manifold. 3 As is well known, this identity also holds for operator insertions. After some juggling with the above formulas, we immediately obtain
As we noted before, the temporal average is actually irrelevant and we obtain
This equality holds for any positive value of β (larger than β H ). We can hence inverse Laplace transform both sides of (2.13) and we obtain 14) and this provides the microcanonical equivalent to (2.13). It is in this sense that we understand the equality between stress tensor and Hamiltonian functional derivative to the metric.
Let us now compute this energy-momentum tensor when averaging over all (Lorentzian) string states with fixed energy E, for very large E. 4 15) where the E outside the expectation value denotes the averaging over states with energy E. We can rewrite this as
17)
3 Again we emphasize that no winding modes around the thermal circle are included at this stage: only the string fields obtained by a Wick rotation of the geometry. 4 The concrete criterion for 'very large' will follow shortly.
remain more general. So we have λ 0 (G µν , Φ, β H ) = 0, where this equality holds for all backgrounds by definition. β H is on its own still a function of the background fields. Taking the total functional derivative of
with respect to the metric, we obtain 26) which can be rewritten as
The variations of the eigenvalues are given by first order perturbation theory as:
where the n th eigenmode T n (of the thermal scalar eigenvalue equation) is used. 8 In the final line we used a partial integration to relate the operatorÔ (being the inverse propagator) to the action S th.sc. evaluated on the n th eigenfunction. Since the denominator in (2.27) is not x-dependent, we arrive at the conclusion that 30) where the meaning of the subscript on-shell is that the stress tensor of the thermal scalar should be evaluated on the zero-mode wavefunction solution. This zero-mode wavefunction coincides with the classical field satisfying the Euler-Lagrange equations. Hence the classical thermal scalar energy-momentum tensor determines the time-averaged high energy stress-momentum tensor of Lorentzian string states.
One can be more explicit if we know the precise form of the thermal scalar action (including all its α -corrections). For the bosonic string, we discussed in several specific examples [6] [7] that this action gets corrections and we do not know for a general background what these write schematically
where in the final line we integrated over k, the continuous quantum number and we extracted the dominant large s exponential factor. The reasoning then applies if the lowest eigenvalue is left unchanged: λ0 =λ0, and this for all metrics infinitesimally displaced from the metric of interest. 8 Note that this functional derivative is only with respect to the metric, the parameter βH is left unchanged. In writing these expressions, we have also assumed the eigenfunctions to be normalized as
although this is not strictly required.
look like. For type II superstrings however, the corrections appear not to be present. We present a heuristic argument in favor of this in appendix A. We hence focus on type II superstrings and, assuming there are no corrections for any background, we can compute the above energy-momentum tensor explicitly.
In particular the thermal scalar action for type II superstrings is given by 31) where G denotes the determinant of the metric (including G τ τ ) and d the total number of spatial dimensions. Note that an overall factor of β arising from the integration over τ has been dropped, and in fact we define the thermal scalar action with the above (canonical) normalization. This will prove to be the correct approach. Using the above action, one obtains
The final line above is a fixed number, let us call it N . Integrating the time component of this energy-momentum tensor yields 9 36) which means − T τ τ,e can be interpreted as the (Lorentzian signature) energy density. The precise equality between the quantum high-energy stress tensor and the classical thermal scalar stress tensor then becomes 37) where the classical on-shell thermal scalar energy-momentum tensor is computed using the thermal scalar wavefunction with an arbitrary normalization in principle, 10 although we shall assume it is normalized in the standard fashion.
3 Extension to spacetimes with G τ i = 0
In the previous section we focused on G τ i = 0. There are two cases when one wants to extend this assumption. Firstly, if one wishes to know T τ i , we need to compute δS th.sc. δG τ i . Secondly, a stationary (non-static) spacetime (such as a string-corrected Kerr black hole) contains G τ i metric components. Note that even the metric of static spacetimes may be rewritten in the reference frame of a moving observer which then possibly includes non-zero G τ i components (such as flat space as seen by a rotating observer). The entire derivation presented in the previous section does not explicitly use the fact that G τ i = 0, except in writing down the form of the thermal scalar action given in (2.31). In a more general spacetime, the action to be used is:
whereḠ ij is the matrix inverse of G ij −
as we derived in detail in [3] . In fact, a simple calculation shows thatḠ ij = G ij . It is interesting to note that the above effective spatial geometry (encoded inḠ ij ) is precisely the spatial metric one would obtain when operationally defining distance in a stationary (non-static) gravitational field. 11 The random walking particle (as described by the thermal scalar) is sensitive to this effective metric. It appears that T-duality in the (Euclidean) time direction encodes this information. The only thing left to do is to compute
. For this, we need to determine
Using this result we obtain
Importantly, if G τ i vanishes for every i, both terms are zero and T τ i th.sc. = 0. This implies the highly excited string(s) does not carry any spatial momentum in a static spacetime, as we expect.
For completeness, we analogously obtain
which should be used when computing T τ τ in a non-static, stationary spacetime (such as a Kerr black hole). 13 A consistency check can be performed by once more computing the total energy as a volume integral of a suitable stress tensor component. The computations are a bit more involved and we present the calculations in appendix B. Suffice it to say that the results are consistent.
Thermal average
As a slight modification, we study the thermal average of the time-averaged Euclidean energy-momentum tensor of a string gas:
Tr (e −βH l ) (4.1)
in the near-Hagedorn regime β ≈ β H . We want to remark that it has been observed in the past that at high temperature, the canonical ensemble suffers from large fluctuations and one should resort to the microcanonical picture instead [8] [9][10] [11] [12] [13] . Keeping in mind this issue, it is nevertheless instructive to proceed because we will see how the stress tensor of the thermal scalar contains information on the above expectation value. Moreover, at least naively, for theories with holographic duals one would expect the dual field theory to have a well-defined canonical ensemble, or alternatively one could be interested in more deeply analyzing how the discrepancy between both ensembles is realized both in the bulk and on the holographic boundary [14] . Hence we will proceed in the canonical ensemble. Using (2.11), we can write
where Z mult is the multi-string partition function. Using Z mult = e −βF , we can also write
In QFT, the expectation value of the energy-momentum tensor is badly divergent in curved spacetimes. The above formula relates this divergence to that of the free energy. But string theory does not contain the UV divergence of field theories. Therefore the stress tensor does not diverge in the UV. In the near-Hagedorn limit, the thermal scalar provides the dominant contribution to the partition function in the sense that:
e −βS th.sc. , (4.4) 13 We remark that for Kerr black holes, one runs into trouble with the ergoregion where the asymptotically timelike Killing vector used to define thermodynamics becomes spacelike. We will not pursue a concrete example of stationary spacetimes in this paper.
where the thermal scalar field theory is used [3] . One then obtains and indeed we see here that the normalization of the thermal scalar action we chose before (extracting a factor of β from the action) is consistent. Thus the energy-momentum tensor of the near-Hagedorn string gas (4.1) can be computed by looking at the one-loop expectation value of the thermal scalar energy-momentum tensor (4.5) . From this procedure we see explicitly what the stress tensor of the thermal scalar encodes: it gives information on the time-averaged stress tensor of the near-Hagedorn string gas. We can proceed as follows. Let us start with (4.3). Assuming a density of high-energy single-string states as:
we have
where we trace over the single-string Hilbert space only. In writing this, we have used the Maxwell-Boltzmann approximation relating the single-string partition function Z 1 to the multi-string partition function Z mult through exponentiation. This equality is valid as soon as the singly wound string dominates on the thermal manifold, meaning for β sufficiently close to β H . The temperature-independent constant C is present only for D > 0 and contains the factors originating from integrating out continuous quantum numbers in Z 1 . This expression holds for D even. If D is odd, the final logarithm should be deleted. The most singular term then yields 14 δ δG µν
Collecting the results, we obtain
which can be rewritten as
and we see that we obtain the classical thermal scalar energy-momentum tensor evaluated at β = β H , multiplied by temperature-dependent factors that diverge (or are non-analytic) at β = β H . The degree of divergence is related to that of the free energy by one β derivative. Again the logarithm should be dropped when D is odd. 15 14 The constant C does depend on the geometry, but the term
since C does not depend on β. 15 For D = 0 an exception occurs. Then the logarithm should be dropped as well and the D 2 factor should be deleted.
As already noted above, this formula is derived in the canonical ensemble near the Hagedorn temperature. The large energy fluctuations of the canonical ensemble invalidate the equality between the microcanonical and canonical ensembles. This can be seen explicitly here by comparing the above result with formulas given in [15] [16] where a microcanonical approach is followed to determine the energy. An interesting consistency check can be performed by integrating G µτ T µτ e thermal over the entire space. This yields 16
which equals the internal energy E of the thermodynamic system. This energy can also be determined as
as it should be. 17 We conclude that, much like the general expression for the free energy (4.8), the energy-momentum tensor can also be written down in a general background near its Hagedorn temperature (4.11).
The results of this section utilize the canonical ensemble, whereas the results in section 2 use the microcanonical ensemble. Qualitatively, both methods agree on the spatial distribution of the stress-energy.
Extension to the String Charge
We are interested in writing down an analogous formula for the string charge:
Let us consider the high energy-averaged string charge and again focus on time-independent backgrounds: ∂ τ B µν = 0, although we do allow temporal indices for B here.
A closer look at the arguments presented in section 2 shows that the entire derivation can be copied to handle this case as well. Hence upon replacing G µν with B µν , we obtain an expression for the high-energy averaged string charge tensor as
16 This check explicitly demonstrates that the result is consistent in the canonical ensemble, whereas a microcanonical approach would yield a different result. Note that
17 Note that in principle the above energy is formally negative below the Hagedorn temperature (except for D = 0 [10] ), which is impossible. This is a typical feature of high-temperature string thermodynamics and points towards the fact that only including the most dominant contribution is not enough: one should include also subdominant contributions [17] [13] . Moreover, one should resort to the microcanonical ensemble instead.
The expectation value of the string charge when averaged over high energy states is given by the classical charge tensor of the thermal scalar. The thermal scalar itself, being a complex scalar field, has an additional U (1) symmetry. It turns out that this U (1) charge symmetry and the string charge of the thermal scalar are actually the same as we now show. 18 The thermal scalar action is in general given by [3] :
where primes denote T-dual quantities. This action was written down in general, but we focus here on trivial dilatons: Φ = Φ 0 . The U (1) symmetry of this action leads to the following Noether current:
Explicitly, one can show that 19
Using these formulas to evaluate the expression 9) we obtain that J ij th.sc. on-shell = 0 and J τ k th.sc. on-shell
, which shows the equality between the U (1) Noether current and the string charge of the thermal scalar. In terms of the highly excited string gas we are interested in, this leads to
18 In fact this is readily shown as follows. Winding strings are charged under Bτi, hence it can be coupled to it through a conserved current. It is then no real surprise to find
with Ji the conserved U (1) current of the complex thermal scalar. It is interesting however to see it more explicitly. 19 These formulas hold also when Gτi = 0.
The Noether current of the thermal scalar determines the time-averaged, high-energyaveraged, string charge of a long string in a non-trivial background.
The surprising part of this analysis is that the high energy string average is sensitive to B µν even though each individual state (except for spatially wound states) is not (at the non-interacting level we consider here).
Finally we note that one can readily study this string charge also in the canonical ensemble (much like what was done in the previous section). One readily finds completely analogous expressions.
Some Correlators
We extend this kind of derivation to an energy-momentum correlator: 20
where we average over states with energy E. Both energy-momentum tensors are individually time-averaged and evaluated at a spatial point x (or y). Of course, such a correlator is not what we are interested in in the end, but it is at first sight the only type of correlator the methods described above can handle. Throughout this section, we neglect contact terms. So we have
To proceed further we need the following 1d function defined as
Then we have that
The third term is a contact term and will be neglected. The second term is precisely the one we need. We arrive at 6) 20 Notice that a subscript β has been written, denoting the averaging over Euclidean time as was considered earlier in equation (2.4). Also, in principle this product of operators should be time-ordered, where the time-dependence of both of these operators is inside the temporal average. To avoid any more cluttering of the equations, we will not write this.
where the equality should be understood as valid up to contact terms. Next we evaluate this expression using the high energy formulas: 21
The final term is again a contact term and the first term is approximated in the large E regime only by the third subterm. Putting everything together we obtain for large E T µν e,β (x)T ρσ e,β (y)
This corresponds precisely to the lowest order approximation:
We end this section by remarking that the analysis of section 4 can be applied here as well, leading to the result that this correlator in the canonical ensemble is given by the same correlator of only the thermal scalar field theory:
[Dφ] e −βS th.sc. , (6.13)
where we have dropped contact terms. It seems hard to try to generalize this computation to more general types of correlators, since from the thermal scalar point of view, we are using the only way we can think of to compute its energy-momentum correlators.
To proceed, the same strategy as utilized before can be followed. We write
14)
The second term represents the disconnected part of the correlator where the two stress tensors factorize. With the limiting behavior (4.8) in mind, we can compare the behaviors of 21 To derive the second formula, use should be made of the asymptotic formula of the incomplete gamma function:
The next-to-leading order term should be used to distill the required asymptotics.
both of these terms. We will focus on fully compact spactimes (since these are the relevant ones for thermodynamics). For fully compact spaces, one has Z 1 = − ln(β − β H ) and one readily shows that both terms in (6.14) are equal. Such equalities can be generalized to more than two stress tensors and one finds in the near-Hagedorn limit that in fact all terms are proportional such that δ n Z mult δGµν δGρσ...
The prefactors of the analog of (6.14) in the expansion correspond precisely to the number of diagrams one can draw with a fixed number of disconnected components, as we will analyze more deeply in the next section. The reason we performed this little exercise is to convince ourselves that the different terms in these expressions really correspond to the different connected and disconnected contributions. As a byproduct, the expectation value of n stress tensors is given by: 
Second quantized description
In previous sections, we have found that the dominant contribution of the stress tensor in the canonical ensemble can be written in terms of the classical stress tensor of the thermal scalar. It is instructive to study this from a field theory perspective as well.
Discrete spectrum
For clarity, we focus first on purely compact spaces. Hence we start from 1 βZ th.sc. Second quantization gives for the energy-momentum tensor of the thermal scalar (using point-splitting methods):
T ij th.sc. (x) = lim
is the scalar propagator of the thermal scalar given by
where the eigenfunctions and eigenvalues are found by solving:
Likewise, the temporal component yields T τ τ th.sc. (x) = lim
For a discrete spectrum, the propagator becomes near the Hagedorn temperature:
Since λ 0 ∼ β − β H , we obtain finally
where we obtain the classical energy-momentum tensor of the thermal scalar. Analogously, we obtain
We have introduced here a constantC that should be fixed by requiring the canonical internal energy determined from this expression, to be consistent with E = 
= lim
22 We have set m
withD a non-local differential operator. Next, we should contract this expectation value, which can only be done in two ways resulting in a connected diagram or a diagram consisting of two disconnected components since φφ = φ * φ * = 0. Here again
so we can just simply replace φ → ψ 0 in the correlator. The resulting expression is then twice 23 the product of the thermal scalar stress tensor:
These results shed new light on the fact that we saw in section 6 that the correlator factorizes in the critical limit, suggesting that only the disconnected part yields the dominant contribution. Now we see that this is not true: in the near-Hagedorn limit, all diagrams give equal contributions which look like factorized expressions. The combinatorics for multiple stress tensors yields a factor of n! in agreement with our analysis in section 6.
It should not come as a big surprise to the reader that one can readily extend these formulas to the string charge and obtain very analogous results.
Continuous spectrum
For a continuous spectrum, an analogous discussion can be made. Let us consider a continuous spectrum of states for the thermal scalar spectrum with the property that at β = β H , λ 0 = 0. 24 We write down T µν th.sc. = lim
In this equation,Ô denotes the differential operator acting on the Green function to obtain the stress tensor and n labels the continuous quantum numbers with density of states ρ(n). For a mixed continuous and discrete spectrum, one first focuses on the lowest discrete mode and then applies the method explained here. We are interested in the dominant limit as β → β H or λ(0) → 0. The dominant contribution to this limit can be found in the region of integration where n ≈ 0. Hence we immediately extract the non-singular contributions:
T µν th.sc. ≈ lim
From the sum over all contractions of two φ and two φ * vertices. 24 As noted before, for a continuous spectrum this property is not trivial: it is possible that an integral over continuous quantum numbers shifts the critical eigenvalue to λ0 = 0, as for instance happens in a linear dilaton background as is discussed elsewhere.
To derive the dominant contribution to this final integral in general, it is convenient to recall the form of the free energy in the critical regime: (7.17) where the same eigenvalues λ(n) are used. This eigenvalue is generically such that λ(0) ∼ β − β H and hence we can Taylor-expand:
for some proportionality constantB. Differentiating (7.17) with respect to β, we obtain 25
(7.19) Hence in the end we obtain T µν th.sc. ≈ T µν th.sc. on-shellC (7.20) for some constantC and this is precisely the form we found in section 4. 26 
Examples
The general strategy to proceed is then as follows.
I. Determine the thermal spectrum and identify the thermal scalar mode in the spectrum.
II. Compute the classical stress tensor of this mode. This then gives the dominant contribution to the stress tensor of the highly excited or near-Hagedorn string gas. Analogously for the string charge tensor.
Let us apply these results to some specific examples.
Flat space
Flat space in principle has a continuous spectrum of the thermal scalar eigenvalue problem. Instead of working with this continuum, we here take a more pragmatic road and simply introduce a finite-volume regularization (with periodic boundary conditions). This leads to the (normalized) thermal scalar wavefunction:
The contributions where ρ(n) is differentiated is subdominant in the β ≈ βH limit. 26 This perspective shows that, at least in the canonical ensemble, as soon as the continuous quantum numbers do not affect the critical temperature of the space we are interested in, the formulas discovered previously should be valid. In particular this implies that the rather awkward assumption made in section 2 about continuous spectra (integrating out continuous quantum numbers does not affect λ0, also for variations on the background) seems in this case easier to handle.
which gives for the time-averaged, high-energy-averaged stress tensor:
and indeed one expects the spacetime energy density to be E/V . The pressure vanishes in the high energy regime: thus high energy string(s) behave as a pressureless fluid (or as dust). Of course, what this means is that one should look at the next most dominant contribution. Nonetheless, the pressure is subleading with respect to other thermodynamic quantities at high energies. Incorporating again the extra temperature factors to obtain the canonical average of the energy-momentum tensor, it is clear that the pressure still vanishes at β ≈ β H . It is interesting to learn that the Hagedorn string gas in flat space has vanishing pressure, very reminiscent of the final configuration of D-brane decay (see e.g. [18] and references therein). This fact was observed in the microcanonical approach of string gas cosmology as well [19] [20]: the Hagedorn phase in flat space behaves as a pressureless fluid. The fact that our computation yields the same result provides confidence to our approach.
We also remark that choosing an arbitrary compact spatial manifold (such as a compact Calabi-Yau) also leads to a pressureless state of matter. The reason is that such spatial manifolds have as their lowest eigenfunction the constant mode. A constant thermal scalar immediately leads to a vanishing T ij th.sc. (x).
AdS 3 space
Let us look at the time-averaged, high energy string charge tensor in the WZW . We will not give a self-contained treatment of this model here and the reader is refered elsewhere for details concerning the thermal spectrum. A first subtlety here is again the fact that the thermal scalar is part of a band of continuous states. Just like in the flat space case, no corrections are generated by integrating the heat kernel over continuous quantum numbers [7] . Assuming this property also holds for small variations in the AdS 3 metric and Kalb-Ramond background (or alternatively, working in the canonical ensemble where such a technicality does not present itself), we can proceed. A second subtlety is that the density of high energy states includes a periodic part in E [24] . A moment's thought shows that such periodic parts do not alter any of the conclusions. 27 27 More in detail, the density of single string states takes the schematic form
for some numbers p and a that we do not want to specify. In principle, an integral such as
is infinite due to the extra poles caused by the sine factor. It is known that these are caused by the infinite AdS3 volume felt by the so-called long strings. The difference with flat space is that this infinity does not A third subtlety is that the dominant thermal state is not just a single state, but is in fact all states labeled by an integer q with w = ±1 [7] . 28 Theuantum number corresponds to discrete momentum around the spatial cigar subspace. Note though, that we are only interested in how the critical temperature varies with the metric. Each single state, labeled by q, suffices to determine this, since the sum over these can not correct the critical Hagedorn temperature. We therefore pick q = 0 and the situation is reduced to that discussed above. This issue is related to the fact that we only use w = 1 and not both w = ±1: one can choose between these for the critical temperature, and the answer is the same.
The background Kalb-Ramond field causes the string charge not to vanish. This can be seen from equation (5.5), where a nonvanishing G τ k is caused by turning on a Kalb-Ramond background. For AdS 3 , we have G τ φ = i. Hence this yields a contribution to the string charge as
where the wavefunction T 0 belongs to a continuous representation of the SL(2, R) symmetry group and hence is not confined to the AdS origin. Its precise form will not be written down here. What we emphasize in this context is that the charge does not vanish. The charge is directed alongside the angular cigar direction.
Rindler space
Let us finally apply these methods to Rindler space. We consider highly excited strings according to the Rindler observer. The thermal metric is
where τ ∼ τ + 2π √ α , the Rindler temperature. As it stands, we have used stringnormalization for the metric. We have shown in [6] (see also [25] [26] [27] [28] ) that the Hagedorn temperature in this space equals the Rindler temperature: β H = 2π √ α for type II superstrings. The thermal scalar was found to have a wavefunction of the form:
localized to the Rindler origin, or in terms of the black hole of which this is the near-horizon limit, localized to the black hole horizon.
cleanly factorize. Nonetheless, we are not interested in these divergences, but in the Hagedorn divergence. We hence obtain
The extra sine factor generated eventually cancels in the ratio of the thermal expectation values in (2.15), much like the E D/2+1 factor did earlier on in equation (2.22 ). 28 This is actually the reason for the appearance of the periodic factor in the high-energy density of states.
In field theory, it is known that the Rindler observer (accerated observer or fiducial observer) constructs his Fock space using his definition of positive-frequency modes. Moreover the vacuum constructed by an inertial observer (the Minkowski vacuum) is seen by the Rindler observer as a thermal ensemble in terms of his coordinates and Fock space. The Rindler vacuum is the vacuum the Rindler observer himself defines. Here we first focus on a high energy string(s) constructed on top of the Rindler vacuum. In the end we will make a few remarks concerning the thermal ensemble itself (which upon including the Casimir contribution (which we will not do) should coincide with the Minkowski stress tensor): (8.10) We are interested in the temperature-dependent part and the above link between inertial and accelerated observer only holds for β = 2π √ α , hence the Casimir part does not interest us that much. In fact, for observations made by accelerated observers, the Casimir contribution is not detectable: it is only relevant when looking at the backreaction of the string(s) in the semi-classical Einstein equations.
These highly excited long strongs surrounding the event horizon are candidates for a microscopic description of the black hole membrane [29] [30] thus it seems worthwhile to look into only this piece. We study the type II superstring and find the following quantities:
From this, one finds that
and we readily check explicitly that indeed
can be interpreted as the energy density profile whose form is given by figure 1(a) . One finds that the energy density turns negative for ρ < α 2 . This implies that the highly excited string matter violates the weak-energy condition. Such behavior was observed in the past for quantum fields near black holes as well [31] [36] . 29 An obvious difference with field theory is that for string theory the stringy matter becomes 29 Note though that there are differences between the results obtained in these papers and our result. In the cited papers, the authors sum the thermal stress tensor and the Casimir stress tensor (both of which are infinite). The sum is finite and has a negative-energy zone for Schwarzschild black holes. For Rindler space on the other hand, the sum is strictly zero [37] which equals the vev of the stress tensor in the Minkowski vacuum. In the field theory case, there is a discrepancy between the Rindler result and the of negative energy density at a string scale distance from the black hole (instead of the Schwarzschild scale). 30 With this stringy localization in mind, let us emphasize a point which we skimmed over in [6] . In a black hole-normalized geometry
the Klein-Gordon type equations for non-winding modes give eigenfunctions that do not depend on the string length l s . 31 The peculiarity of the winding modes is that T-duality explicitly introduces the string length into the eigenvalue problem. This causes the thermal scalar in Rindler space to be localized at string length from the horizon; pure discete momentum modes on the other hand oscillate in space with an oscillation length of the order of the black hole scale GM (not the string scale).
Analogously one computes the spatial components of the stress tensor and one finds
The radial pressure T ρ ρ (x) is given in figure 1(b) and is found to be positive and localized to the horizon. Curiously, the transverse pressure, depicted in figure 1(c) , changes sign Schwarzschild result close to the horizon. It is known that this is related to curvature corrections to the stress tensor vev [38] [39] . Inspection of our result (the thermal scalar classical stress tensor) for the full black hole (for instance the SL(2, R)/U (1) cigar that we used in [6] to arrive at Rindler space) and Rindler space itself shows that for our purposes the results agree: no curvature corrections are needed and Rindler space captures the near-horizon region of the black hole. This is presumably because we only care for the most dominant contribution. For some more recent accounts of the stress tensor near black hole horizons in light of the holographic correspondence, see [40] [41] . 30 One can check this explicitly by transforming the string-normalized Rindler space to the Schwarzschild normalization as is done for instance in [6] . 31 Their eigenvalues do depend on the string length for massive string states.
at ρ = √ α . An obvious feature is that, since the stress tensor is quadratic in the fields, it decays at twice the rate of T 0 . Note also that, as discussed above, the highly excited string(s) does not have non-zero net impulse in any direction: T τ ρ e (x) E = T τ i e (x) E = 0. This agrees with for instance the field theory results for the Hartle-Hawking vacuum of Schwarzschild black holes. The Unruh vacuum for a Schwarzschild black hole on the other hand would include non-zero T τ ρ corresponding to the flux of particles emitted by a black hole formed in gravitational collapse (Hawking radiation).
Let us discuss some generalities on occurence of negative energy density. Firstly, it is not possible to have − T τ τ < 0 everywhere. This follows immediately from the fact that the total energy is E. Secondly, since the spatial kinetic part G ij ∂ i T ∂ j T * in (2.32) is positive semi-definite, a necessary condition for negative energy density is that
This is the condition that the local thermal circle becomes smaller that the flat space Hagedorn circle. For instance for Rindler space, we have that ρ < √ 2α , and indeed the negative energy density region lies inside this domain. Is satisfying the condition (8.18) uncommon? Actually, all backgrounds must satisfy this condition for some points. The reason is that the thermal scalar is a zero-mode at the Hagedorn temperature (by definition). If this condition is nowhere satisfied, the on-shell action for the thermal scalar (2.31) would be positive definite which is impossible. 32 For the string charge in Rindler space, we obtain J τ k e (x) E = 0 for all k.
From a canonical point of view, the situation is analogous: the dominant part of the stress tensor of the near-Hagedorn string gas is given by the classical thermal scalar stress tensor, suitably multiplied by a temperature-dependent factor. Note though that it was previously remarked [6] [26] that the Hagedorn temperature equals the Hawking temperature in this case, meaning that in principle the stress tensor becomes infinitely large. The resolution of this infinity might only occur when including higher genus corrections.
Summary
Let us summarize the above results.
• The thermal scalar energy-momentum tensor captures the energy-momentum tensor of an average of highly excited Lorentzian strings. 32 An exception occurs if the thermal scalar is space-independent: only then is the spatial kinetic term zero and there is no a priori requirement to have a negative energy density anywhere. Hence this occurs only for spaces with a non-varying thermal circle (meaning constant Gττ ) since in that case, one can find a constant mode as a solution to the thermal scalar equation. An immediate example of this is flat space. Also for instance 4d Minkowski space combined with a 6d compact unitary CFT (e.g. a compact Calabi-Yau 3-fold) falls in this category.
• The U (1) charge symmetry of the thermal scalar action leads to a classical Noether current which is the same as the (time-averaged) string charge tensor of an average of highly excited Lorentzian strings.
• One can readily extend these results to the canonical thermal average of the energymomentum tensor or the string charge. We find expressions with the same spatial distribution. Our main result is equation (4.11) for the energy-momentum tensor in the canonical ensemble.
• A special class of correlators can also be computed using these methods, where each individual stress tensor is time-averaged. The high-energy dominant behavior is simply the product of the expectation values.
• We have demonstrated these results on three spacetimes. We briefly looked at flat spacetime, demonstrating the presence of a pressureless state of matter at the Hagedorn temperature. AdS 3 showed that a non-trivial string charge is possible for backgrounds including Kalb-Ramond fields. Finally we looked at Rindler spacetime, where a negative-energy state of matter was found living close to the event horizon.
In general we conclude that quantum properties of the long string are translated into classical properties of the thermal scalar.
II propagation equations in a general background are not α corrected. Now taking the T-dual equations of motion, also these do not suffer from α corrections and we conclude that type II superstrings have a thermal scalar equation of motion that coincides with the lowest order in α effective thermal scalar field equation. This argument shows that the thermal scalar action for type II superstrings does not get α -corrected. For the derivation presented in section 2 however, we require more: we need to be able to vary with respect to the background metric. The result is an off-shell background. For this we do not have the CFT methods available. Nonetheless, it seems plausible that a suitable off-shell generalization of string theory (e.g. using double field theory) should not alter this result.
B Total energy in a stationary spacetime
B.1 Local analysis
Consider an observer in a stationary spacetime moving along a trajectory tangential to ∂ ∂t , where the norm is fixed by requiring u µ u µ = −1. The energy density as measured by such an observer equals T µν u µ u ν . In writing these expressions we are assuming that this vector is globally timelike in the globally hyperbolic section of the spacetime onto which we are focusing; this excludes for instance generic Kerr-Newman black holes. Note though that there exist rotating black holes which do have globally timelike Killing vectors (such as a subclass of Kerr-AdS black holes [42] [43] ). Before continuing, we make the transition to the Euclidean signature manifold. This (Euclidean) energy density can be expanded as
and it is related to the Lorentzian energy density by a sign change.
First we compute only T τ τ G τ τ + T τ i G iτ = T τ τ . We will show that this is precisely the total energy. Thus we consider
This expression has three different contributions. Part of the first term is the same as in the static case and yields the total energy:
For the other terms we also need consider this case in detail. A defining feature of non-static (but stationary) spacetimes is the fact that the normal vector to spatial slices is not parallel to the tangent of the timelike Killing vector. This implies that one can define two different notions of being constant in time. A sketch of this situation is given in figure 2 . The 4-vector n µ is normal to the constant time hypersurfaces and is hence of the form:
Its covariant components are readily found to be
12)
The other ingredient is the timelike Killing vector. Its covariant components are ξ τ = G τ τ , (B.14)
The spacelike slice Σ is integrated over with the pull-back metric G ij (setting dt = 0 in the full metric). With these formulas, the integrand of (B.10) equals
To proceed, we need the following identities: In these formulas, we have writtenḠ 19) which is the matrix inverse of the purely spatial matrix G ij .
We hence have 20) precisely the same as before.
The physical interpretation of the previous result is that we should redshift the local energy density T µν u µ u ν on the spatial slices Σ. For stationary spacetimes, the redshift factor is √ G τ τ which combines with the spatial metric as defined by observers moving along ∂ ∂t to yield the total background metric:
We conclude that also for stationary spacetimes we have that
The first equality is the global Komar analysis, whereas the second expression is interpreted as summing (and redshifting) the local energy density over the entire spatial slice using the spatial metric as constructed by the radar definition of the stationary observers. This story applies to string theory, in spite of the fact that the dominant near-Hagedorn behavior implies non-local long strings. The crucial point is that this long string is effectively treated as a Euclidean quantum field whose energy density can be viewed as local in space.
